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Abstract. Following K. Mahler's suggestion for further research on intrinsic approxi- 
mation on the Cantor ternary set, we obtain a Dirichlet type theorem for the limit sets 
of rational iterated function systems. We further investigate the behavior of these ap- 
proximation functions under random translations. We connect the information regarding 
the distribution of rationals on the limit set encoded in the system to the distribution of 
rationals in reduced form by proving a Khinchin type theorem. Finally, using a result of 
S. Ramanujan, we prove a theorem motivating a conjecture regarding the distribution of 
rationals in reduced form on the Cantor ternary set. 

1. Introduction 

In 1984, K. Mahler published a paper entitled "Some suggestions for further research" 
[9], in which he writes the following moving statement: "At the age of 80 I cannot expect 
to do much more mathematics. I may however state a number of questions where perhaps 
further research might lead to interesting results". One of these questions was regarding 
intrinsic and extrinsic approximation on the Cantor set. In Mahler's words, "How close 
can irrational elements of Cantor's set be approximated by rational numbers 

(1) In Cantor's set, and 

(2) By rational numbers not in Cantor's set?" 1 

In contrast to intrinsic approximation on the Cantor set in particular and on fractals in 
general, the Diophantine approximation theory of the real line is classical, extensive, and 
essentially complete as far as characterizing how well real numbers can be approximated 
by rationals ([11] is a standard reference). The basic result on approximability of all reals 
is 

Theorem (Dirichlet's Approximation Theorem). For each x G M. and for any Q G N there 
exists p/q G Q with 1 < q < Q, such that 

\x — p/q\ < — — . 



qQ 



Corollary. For every irrational x G M., 



\x — p/q\ < — for infinitely many p/q G 
i q2 



1 Our paper is mainly concerned with the first question, but see discussion at the end of the introduction 
regarding the second. 
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The optimality of this approximation function (up to a multiplicative constant) is demon- 
strated by the existence of badly-approximable numbers, i.e., the set of reals x such that 
for some c(x) > 

clx) 

\x -p/q\ > for all p/q G Q. 

The well known fact that the set of very well approximable numbers, i.e., the set of all 
reals x satisfying for some positive e(x) 

\ x ~P/<l\<^) 

for infinitely many rationals p/q is null, demonstrates that this approximation function can- 
not be improved for almost all irrationals. We remark that the subject of approximating 
points on fractals by rationals has been extensively studied in recent years; see for example 
[3], [6], and [7] for badly approximable numbers and [5] and [12] for very well approximable 
numbers. In [2] , elements of the middle third Cantor set with any prescribed irrationality 
exponent were explicitly constructed. 

Recently in [1] , R. Broderick, A. Reich, and the first named author made what could be 
considered as a first step towards answering Mahler's question: 

Proposition ([1] Corollary 2.2). Let C be the ternary Cantor set and d = dimC. Then 
for all x G C, there exist infinitely many solutions p G N, q G N, p/q G C to 

\ X -P/«\ < q(log 3 qy^ 

The proof of the above proposition crucially depends on the x 3 invariance of the mid- 
dle third Cantor set, and a similar more general result holds for any x ci-invariant totally 
disconnected Cantor- like set. 

The main motivation of this paper is not only to generalize the results in [1] but to try 
and provide a better understanding of Diophantine approximation on fractals in general. In 
Section 2 we generalize Proposition 1 namely by removing the xd constraint. We consider 
the following setup: 

Definition 1.1. Let J be a subset of R and let ip : N — > (0, oo) be any function. A point 
x G J is said to be intrinsically approximable with respect to ip if there exist infinitely many 
rationals p/q G Q fl J such that 

\x-p/q\ < ——. 

x is said to be badly intrinsically approximable with respect to ip if there exists e > such 
that x is not intrinsically approximable with respect to the function eip. Otherwise, x is 
said to be intrinsically well approximable with respect to ip. 

Definition 1.2. Let E be a finite set. A rational iterated function system is an iterated 
function system (u a ) ae E satisfying the open set condition 2 and acting on K. consisting of 



: The open set condition is a standard requirement. See [4] for a thorough discussion. 
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contracting similarities preserving Q. In other words, for each a G E we have 

(1.1) u a (x) = ^x + ^ where — , — G Q. 

q a q a q a q a 

Theorem 2.1. Suppose that (u a ) a is a rational IFS and let J be the limit set of this IFS. 
Let 

In \p a \ 

7 := max 

aeE \n(q a ) 

where p a ,q a o,re as in (1.1). There exists K < oo such that for each x G J and for each 
Q > <?max : = max a q a there exists p/q G Qfl J with q < Q such that 

\x-p/q\ < Kq^lniQ)- 1 / 5 . 

In particular, if x is irrational then x is intrinsically approximable with respect to the 
function 

^(q) ■= Kqnn(q)- 1/S . 

Notice that the Dirichlet-type theorems in [1] are immediate consequences of Theorem 
2.1 as 7 = whenever p a = ±1 for all a G E. 

In Section 3 we consider translations of x rf-invariant limit sets J of a rational IFS of 
Hausdorff dimension 5. A x rf-invariant limit set is the set of all points x G [0, 1] such that 
the digits of the base d expansion of x are contained in some fixed set E C {0, . . . , d — 1}; 
for example the ternary Cantor set is x3-invariant. In this case, we wish to investigate how 
"generic" the approximation function in Theorem 2.1 is with respect to random translations. 

For each x G R let J x = J — x and consider the set Q D J x . Note that Q D J x is nonempty 
if and only if x = y — p/q for some y G J and for some p/q G Q. More formally, the set of x 
for which Q fl J x ^ is the set Up/geQ Jp/q- m particular, this set has Hausdorff dimension 
8 but Lebesgue measure zero. Thus if a translate of J is picked "at random", i.e. according 
to Lebesgue measure, then it will contain no rationals. Clearly, we have so far not used the 
fractal nature of J, only the fact that it is a Lebesgue null set. An immediate question is 
what happens if Q fl J x is nonempty: 

Lemma 3.1. Suppose that J is a xd-invariant limit set and suppose that x G R is such 
that Q fl J x 7^ 0. Then Q fl J x is dense in J x . Furthermore, there exists K < oo such that 
every point y G J x is intrinsically approximable with respect to the constant function 

Hq) = k. 

A natural question is whether the approximation function is optimal. The simplest case 
is the following: 

i) d is prime 

ii) The set E of allowable digits contains no two adjacent integers 

iii) Every rational in J x is of the form pjd n for some p, n G N. 

This case is similar to the case of approximating elements of the Cantor set by only the 
endpoints, which was studied by Levesley, Salp, and Velani, who proved a Khinchin-type 
theorem and a Jarnik-Besicovitch-type theorem (see [8]). By translating their results into 
our setting we can prove the following theorem: 
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Theorem 3.6. Let J and x satisfy Case and fix any function ip : N — >■ (0, oo). Let 
f be a dimension function such that t h-> t~ s f(t) is monotonic. If we denote the set of 
ip -intrinsically well approximate points by WA^ iint; then 

HD'fWA, lf ZZjm n )/d n )(d"Y < oo 

1 "' mtj \hd/(j) if e^=i fW<r)/<r)(<r) s = °° ' 

Corollary 3.7. If ^(q) = ln(g) _1//<5 ; i/ien almost every point is intrinsically well approx- 
imate with respect to ip; if ip(q) = ln(g)"( 1+e ^ <5 7 then almost every point is badly intrinsi- 
cally approximable with respect to ip. 

Additionally, we prove the following theorem demonstrating the optimality of the Dirich- 
let approximation function ip(q) = 1: 

Theorem 3.5. Let J and x satisfy (i)-(iii) and let 5 be the Hausdorff dimension of J. 
Then the set of numbers y G J x which are badly intrinsically approximable with respect to 
the approximation function if)(q) = K is of Hausdorff dimension 5. 

In fact, the case in which (i)-(iii) hold is the only case in which we are able to say anything 
about the optimality of the approximation function. We remark that (i)-(ii) are reasonable 
and easy-to-check assumptions that are satisfied e.g. for the standard ternary Cantor set. 
Finally, we prove that condition (iii) is generic: 

Theorem 3.2. Suppose that J is a xd-invariant limit set satisfying (i)-(ii). The set S 
consisting of all x G Up/^eQ Jp/q f or which (iii) does NOT hold is small with respect to both 
measure and category, i.e. H S (S) = and S fl J is meager in J. 

In Sections 4 and 5 we discuss the question of whether the approximation function of 
Theorem 2.1 is optimal. The starting point is the observation that the method of Theorem 
2.1 produces only rational numbers of a particular form. Specifically, if we let n : E n — > J 
be the coding map (defined precisely in Section 2), then Theorem 2.1 produces rationals of 
the form it(uj), where u G E n is an eventually periodic word. 

Secondly, when Theorem 2.1 does produce a rational number then it does not produce 
it in reduced form. For example, the fraction 1/4 in the ternary Cantor set C would be 
represented as 2/8. Consequently, we will call the number 8 the intrinsic denominator of 
1/4 with respect to the fractal C (defined precisely in Section 4). Note that a rational 
can only have an intrinsic denominator if it has a preimage which is an eventually periodic 
word. We denote the intrinsic denominator of p/q given by the IFS by q mt , whereas the 
denominator of p/q in reduced form will be denoted g re d- (Following our above example, 
<?int = 8 while g rc d = 4). It is easily observed that for every p/q G J we have g re d 1 <2mt- 

As a result of this analysis, the question of whether Theorem 2.1 is optimal can now be 
split into three sub-questions: 

(i) Does every rational in J have a preimage under 7r which is eventually periodic? In 
other words, are the rationals in J that have intrinsic denominators the only ones that 
exist? 

(ii) If p/q is a rational in J that has an intrinsic denominator, what is the ratio between 
its intrinsic denominator q int and its reduced denominator g rc d? 
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(iii) Is the approximation function (2.2) optimal if we only consider rationals in J which 
come from periodic words, and if we consider the intrinsic denominator to be the true 
denominator of the rational? 
In Section 4 we will consider questions (i) and (iii), and in Section 5 we will consider 
question (ii). In each case we have only partial results. In appears that all three questions 
are hard when considered in full generality, although it seems (ii) is the hardest. 

Question (i) is the easiest to deal with. In the case of the ternary Cantor set (or more 
generally of a x (/-invariant set), the answer is already well-known. The fact that every 
rational in J has a preimage under n which is eventually periodic is merely a restatement 
of the fact that every rational number has an eventually periodic base d expansion. We 
slightly generalize this result with the following lemma: 

Lemma 4.2. Suppose that p a = ±1 for all a G E, where p a are given by (1.1). Then every 
rational in J is the image of an eventually periodic word ( and therefore has an intrinsic 
denominator) . 

We next consider question (iii): 

Definition 4.7. Let ip : (0, oo) — > (0, oo) be a nonincreasing function. A point x G J is 
said to be badly symbolically approximable with respect to ip if there exists e > such that 
for all p/q G Q fl J we have 

\x — p/q\ > e . 

<?int 

Otherwise, x is said to be symbolically well approximable with respect to ip. 

It thus follows that badly intrinsically approximable implies badly symbolically approx- 
imable, but not vice-versa. 

Rather than attempting to demonstrate the existence of numbers which are badly sym- 
bolically approximable with respect to the Dirichlet function (2.2), we instead prove a 
Khinchin-type theorem. Our motivation for this is that it seems less likely that the in- 
trinsic denominator differs greatly from the denominator in reduced form for the rational 
approximations of almost every point, than that it differs greatly for the approximants of 
a single point. 

An immediate corollary of Section 4's main theorem (Theorem 4.12) is the following: 

Corollary 4.13. Let C be the ternary Cantor set and fi the H aus dor ff measure in the Can- 
tor's set dimension restricted to C . Then for fi-almost every x G J, x is badly symbolically 
approximable with respect to tp(q) = ln(g)~( 2 / 5+£ ) and is symbolically well approximable with 
respect to ip(q) = ln(g)~ 2 / 5 . 

In Section 5, we restrict ourself to the case where the limit set is the Cantor ternary set 
C . We begin by recalling the following conjecture from [1]: 

Conjecture 5.1 ([1] Conjecture 3.3). If 

S n := {p/q G J : gcd(p, q) = 1, T~ l < q < T} 
then for all S\ > we have 

#(S n ) G 0(2 n ^). 
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This conjecture is immediately relevant to intrinsic approximation as it implies [[1] Corol- 
lary 3.4] that ^(VWAj) = 0, where 

VWAj := {x G J : Be > 3°°p/q G J \x - p/q\ < g" (1+e) }. 

We cannot prove Conjecture 5.1 at this time, but we will reduce it to a simpler conjecture 
which a heuristic argument suggests is true. Suppose that p/q is a rational number. The 
period of p/q is the period of the ternary expansion of p/q, and will be denoted P(p/q). 

The first step we make is proving the following theorem (using a result of Ramanujan 
[10] concerning the number-of-divisors function): 

Theorem 5.3. For every K < oo, if 

5f° := {p/q e J ■ gcd(p,q) = 1, 3"" 1 < q < T, and P(p/q) <K\n(q)} 
then for all S\ > we have 

4{S^) G 0(2"( 1+£1 )). 

Next, we provide a heuristic argument to support the following conjecture: 

Conjecture 5.6. For all K > 2/ln(3/2) 7 we have = S n for all n sufficiently large. 
In particular 

#(S B \sW)eo(l). 

The following is a corollary of Theorem 5.3: 

Corollary 5.4. Conjecture 5.6 implies Conjecture 5.1, implying /i(VWAj) = 0. 

Finally, let us note that Conjecture 5.1 also has relevance to Mahler's second question 
regarding extrinsic approximation. Indeed, if x is any point which is badly intrinsically 
approximable with respect to the function 

for some e > 0, then x is extrinsically approximable with respect to Dirichlet's function 
4>(q) — Q 1 - To see this, note that by Dirichlet's Theorem there is a sequence p n /q n — >x 

n 

such that \x — p n /q n \ < ^/q\, but since x is badly intrinsically approximable with respect 
to ip{q) = q~ l+e , it follows that only finitely many of these approximations can be intrinsic. 
Thus if Conjecture 5.1 is correct, then almost every point on the Cantor set is extrinsically 
approximable with respect to the function ip(q) = q~ x ■ 

Acknowledgements. Both authors would like to thank Y. Bugeaud and M. Urbahski 
for helpful suggestions and comments. 
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2. A DlRICHLET-TYPE THEOREM FOR FRACTALS 

We consider a finite set (alphabet) E and denote by E r the set of all words of length r 
formed using this alphabet and by E* the set of all words, finite or infinite, formed using 
this alphabet. If u e E*, then we denote subwords of u by 

^n+l := ( w n+i)i=l e -^ r - 

We denote the concatenation of uj and r by w * r. Furthermore, we define the shift map 

a : E N -+ E 9 

by <t(uj) = = (wi+i)igN- If ^ G -E n is a finite word then we define 

u u (x) := u wi o ... oM Wn (x). 
We define the map 7r : £ N -» R by 

7r(a;) := lim w^O) 

and we define the limit set J to be the image of this map. Let S be the Hausdorff dimension 
of J, and let /i be the <5- dimensional Hausdorff measure restricted to J, normalized to be a 
probability measure. 

Theorem 2.1 (Dirichlet for fractals). Suppose that (u a ) a is a rational IFS and let J be the 
limit set of this IFS. Let 

(2.1) 7 := max ■ 



a&E Yn(q a y 

where p a ,q a are as in (1.1). There exists K < oo such that for each x e J and for each 
Q > <?max := max a q a there exists p/q G Q D J with q < Q such that 



\x-p/q\ < Kq^ l \n{Q) 



-1/5 



In particular, if x is irrational then x is intrinsically approximable with respect to the 
function 

(2.2) f/;(q):=Kqr\n(Q)~ 1/6 - 

Proof. Recall that the measure \x := H 5 }j /H 5 (J) is Ahlfors 5-regular on J, i.e. 

n(B(x, r)) x r s 

where x E J and < r < 1. Thus if (x n )^~Q is an r-separated sequence in J, i.e. if 
d(x n ,x m ) > r for all n ^ m, then the balls (B(x n , r/2))^ = r 1 are disjoint and so 

N-1 N-1 

1 = fi(J) > J2^ B ( x n,r/2)) x ^(r/2) 5 x Nr 5 . 

n=0 n=0 

Thus there exists C\ < oo depending only on J such that Nr 5 < C\. Taking the contra- 
positive gives 
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Lemma 2.2 (Fractal pigeonhole principle). If (x n )^ =0 is any finite sequence in J, then 
there exist distinct integers < n, m < N such that 

\x n - x n+m \ < r N := {N/d)- 1 ' 5 . 

Now suppose we have x E J and Q > q max ; fix N G N to be determined. Let u E E N he 
a preimage of x under n. We consider the iterates of u under the shift map a. We apply 
the fractal pigeonhole principle to the sequence (n o a n (oj))^ =0 to conclude that there exist 
two integers 0<n<n + m<N such that if y — ir o a n (u) and z = n o a n+rn {uj), then 
\y - z\ < r N . 

Let U(i) = n w » and let up) = u u, n +™- Then x = u^(y), and y = U(2)(z). Let 

P(l) =Pun.-'-Pun 

q{i) — Qui--- q^ n 

n 

1=1 

so that 

M («)W — * H • 

9(0 9(0 

The unique fixed point F 2 of the contraction U( 2 ) is given by the equation 

Fj = m F2+ r j!> 

9(2) 9(2) 

and after solving for F 2 

F 2 - r<2) 



P(2) 


Po; n + l ' ' ' Pwn+m 


9(2) 


q^n + 1 ' ' ' q^n + m 




m 


r (2) 


= ^ ] P^n+1 ' ' ' Vw. 




1=1 



9(2) - P(2) 

In particular, F 2 E Q. Let 

(2.3) P /q = u {1) (F 2 ) = m ^^ + rM - 

9(i) 9(2) - P( 2 ) 9(i) 

Here, we mean that p G Z, g G N are the result of adding the fractions in the usual 
way, without reducing. In particular, q = ?(i)(?(2) — V{2)) < 9(i)9(2)- Note that p/g = 
7r(w™ * G J. 

We next want to bound the distance between x and p/g. For convenience of notation let 
\i) = \P(i)\/q{i) De the contraction ration of u^y Now 

\y - F 2 | = A (2 )|z - F 2 \ < \{2)\y - F 2 \ + A (2 )|z - y\\ 

solving for \y — F 2 \ gives 

Applying U(i) gives 



F,\<-^-\z-y\ 

1 - A (2 ) 



i , i A(i)A (2 ) A(i)A( 2 ) 
F - VI q\ < -, — t \z -y\< - — r— r N . 

1 — A(2) 1 — A (2) 

Now A( 2 ) < max a A a < 1; if we let C 2 — 1/(1 — max a A a ) then 

|x -p/q\ < C 2 \(i)\ 2) r N 
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and on the other hand 

q < 5(1)9(2)- 

Expanding and taking logarithms 

n+m 

In | a; - p/q\ < ln(C 2 ) + ln(rjv) + H^ k ) 

k=l 

n+m 

Ho) < $^ ln (^J- 

k=i 

Now for every i = l,...,mwe have 

H\) < (T-l)ln(ft) 

where 7 is as in (2.1). Thus 

n+m 

In I a: - p/q\ < ln(C 2 ) + \n(r N ) + (7 - 1) ^ H^ k ) 

k=l 

< ln(C 2 ) + \n(r N ) + (7 - 1) In(g) 

and rearranging gives 

I a; -p/q\ < C 2 r N q 1 ~ 1 . 
Finally, recalling that g max := max a g a , we have 

a < q n+m < q N 

and so letting N = \}og qmax (Q) \ gives q < Q. Now since Q > q nmx , we have 

< (Liog, max (Q)J/Ci)- 1/a < CMQ)- 1,S 

for some C 3 sufficiently large. Letting K = C 2 C 3 completes the proof. □ 



3. Random translations 

Fix d G N and E C {0, . . . , d - 1} satisfying 1 < #(£) < d, and let 

J = {x E [0, 1] : the digits of the base d expansion of x are in E}. 

Such a set J is called a x (^-invariant set. 

For each x G R let J x = J— a; and consider the set Qfl J x . As observed in the Introduction, 
the set of x for which Q D J x 7^ is the set U p / g eQ which has Hausdorff dimension <5. 
In this section, we consider the case where x lies in this set, so that Q D J x 7^ 0. 

Lemma 3.1. For a//x G R, ifQnJ x is nonempty, then Qfl J x is dense in J x . Furthermore, 
there exists K < 00 s«c/i £/ia£ every point y & J x is intrinsically approximable with respect 
to the constant function 



(3.1) 



•4>{q) = K. 
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Proof. Fix y E J x and p/q E Qf]J x . For each n E N, let z n be the first n digits of i + G J 
spliced with the last digits of x + p/q E J. We observe that z n E J, since the digits of the 
base d expansion of z n lie in E. Then r n := z n — x —p/q is a multiple of l/d n . In particular, 

p/q + r n = z n — xeQHJ and 

denom(p/g + r n ) < qd n . 

Now 

\y- (p/q + r n )\ = \z n - (x + y)\< d~ n 

since z agrees with (x + y) up to the first n digits. Thus 

q 

\y (p/q+ n)\ — (\enom(p/q + r n ) ' 

proving the lemma with K = q. □ 

We now discuss optimality of the approximation function (3.1). The simplest case is the 
following: 

i) d is prime 

ii) The set E of allowable digits contains no two adjacent integers 

iii) Every rational in J x is of the form p/d n for some p, n E N. 

We will call this case Case 0. 

In Case 0, the approximation function (3.1) is optimal in the following two senses: 

• The set of badly intrinsically approximable numbers is of full Hausdorff dimension 
(Theorem 3.5) 

• A Khinchin-type theorem holds (Theorem 3.6) 

In fact, Case seems to be the only case in which it is easy to say anything about the 
optimality of (3.1). Nevertheless, we prove the following: 

Theorem 3.2. Suppose that J is a xd-invariant limit set satisfying (i)-(ii). The set S 
consisting of all x E {J p / q€ Q J p / q for which (iii) does not hold is small with respect to both 
measure and category, i.e. H$(S) = and S fl J is meager in J. 

Proof. It suffices to show the following: 

Claim 3.3. If x E J has a base d expansion x = a id~ % which contains every finite 

word as a substring, then Case holds. 

By way of contradiction, suppose that x has the above property, but there exists a 
rational p/q E Q fl J x whose denominator is not a power of d. Without loss of generality 
assume p/q > 0; the case p/q < is similar. Let p/q = hd~ l be the base d expansion 
of p/q, and let x + p/q = c i&~ % £ J ■ Then q = + bi or q = a« + bi + 1, mod d, 
depending on whether there is a carry from the lower level terms. Write 

p/q = .&i . . .b n+m b n+ i . . . 

for some n, m E N. Let k = b n+m . By a counting argument there exists a E E such that 
either a + k^E, or a + k + l £ E. Without loss of generality suppose that a + k £ E. 
Let r = (a0 m ) n+m . (If a + k + 1 £ E we take r = (a(d - \) m ) n + m .) By assumption r is a 
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substring of (aj)j. Thus we can find aO m as a substring of (aj)j such that the a corresponds 
to an occurence of k in p/q, i.e. there exists iGN such that 

Q"n+mi a 
O'n+mi+j 

for all j = 1, . . . ,m. Now since q is not a power of d, we have b n+ j ^ d — 1 for some 
j — 1, . . . ,m. Thus the zeros (c^+m,^,,-)™^ are sufficient to ensure that there is not a carry 
in the (n + mi)th place, implying c n+m i = a n+mi + b n+m i = a + k E, a contradiction. 
Thus p/q does not exist. □ 

We now discuss intrinsic approximation in Case 0: 

Lemma 3.4. Suppose that J and x = ir(ou) satisfy Case 0. Then for every ip : N — >■ (0, oo), 
a point y = 7r(r) — x G J x is badly intrinsically approximate with respect to ip if and only 
if there exists K < oo such that for every pair (n, r) G N 2 such that = t™+[, we have 

r < K + tf(ra), 
(3.2) ¥(n):=-lo g<l (#r)). 

Proof. Suppose that y is intrinsically well approximable with respect to ip- Then for all 
e > there exist infinitely many rational approximations p/q = n(rj)—x G QnJ x satisfying 
\y ~ p/q\ ^ By condition (iii), p/q can be written in the form p/d n for some 

p, n G N. On the other hand, since d is prime, it follows that the reduced form of the 
fraction p/d n is also of the form p/d n (possibly with different p, n) . In other words, g re( j = d n 
for some n G N. Now since 7r(^) — = p/q, we have that rj agrees with u except for 
the first n digits. On the other hand, we have \tt(t) — n(r))\ < eip(d n )/d n , which implies 
that r and 77 agree on the first [\og 1 ^ d (ei/j(d n )) + n\ — 1 digits (here we are using condition 
(ii)). Thus u^Xi = T n+ii where r = [\og 1/d (e^(d n ))\ - 1. Thus for all K < 00, there exist 
infinitely many pairs (n,r) G N 2 such that = t™+{ but r > K + \og 1 / d {jp(d n )). 

On the other hand, suppose that for all K < 00, there exist infinitely many such pairs. 
For each pair (n, r), if we define 77 to be the string which agrees with r for the first n digits 
but then agrees with u, we find that the rational approximation p/q := 77(77) - 2; G Q H J x 
satisfies \y — p/q\ < etp(q)/q. □ 

As an immediate consequence, we get the optimality of the Dirichlet function if)(q) = 1: 

Theorem 3.5 (Optimality). Let J and x satisfy Case and let 5 be the Hausdorff dimen- 
sion of J . Then the set of numbers y G J x which are badly intrinsically approximable with 
respect to the approximation function ip(q) = K is of Hausdorff dimension 5. 

Proof. We have ty(n) = 0, so y = 7r(r) — x G J x is badly approximable with respect to (3.1) 
if and only if the length of the strings on which to and r agree is uniformly bounded. Thus 
for every fceN, the set 

S k := {reE N : r kn ^ u kn Vn G N} 

is contained in the set of badly approximable points. On the other hand, it is readily 
computed that the Hausdorff dimension of Sk tends to 5 as k tends to infinity. □ 
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Finally, using a theorem of Levesley, Salp, and Velani [8], we are able to prove the 
following theorem, which incorporates both a Khinchin-type and a Jarnik-Besicovitch-type 
theorem: 

Theorem 3.6. Let J and x satisfy Case and fix any function ijj : N — >■ (0, oo). Let 
f be a dimension function such that t i— > t~ s f(t) is monotonic. If we denote the set of 
ip -intrinsically well approximate points by WA^ )int , then 

HD/fWA 1 - J° %j f^ dn )/ dn )( dn ) 5 < 00 

[ \hd/(j) if e^=i wmmw = oo ■ 

Corollary 3.7. If ip(q) = ln(g) -1 / 5 , then almost every point is intrinsically well approx- 
imate with respect to ip; if ip(q) = ln(g) _(1+e )/ <5 ; then almost every point is badly intrinsi- 
cally approximable with respect to ip. 

Proof of Theorem 3. 6. We will use the following theorem from [8] : 

Theorem 3.8 ([8] Theorem 1). For any approximation function ip, consider the set 

WA^term := {x G [0, 1] : \x-p/q\ < i>(q) for infinitely many (p,q) G N x d N }, 

i.e. the set of all points which are ip- approximable with respect to the rationals with termi- 
nating base d expansions. 

Now suppose that J is a xd-invariant limit set satisfying (i)-(ii). Let f be a dimension 
function such that t h-> t~ s f(t) is monotonic. Then 

HD/fWA n n - J° lf fWdn)) x {dn)S < °° 

1 ^' term j " \hd/( j) if mm) x {d n y = 00 • 

In [8] the theorem is stated in the case d = 3, J the ternary Cantor set, but the proof 
clearly generalizes. 

Let us call a point y G J badly terminally approximable with respect to ip if y ^ WA £ ^ iterm 
for some e > 0. Clearly, the proof of Lemma 3.4 generalizes to the following statement: 

Lemma 3.9. Suppose that J is as above. Then for every ip : N — >■ (0, oo), a point y = 
7t(t) G J is badly terminally approximable with respect to ip if and only if there exists 
K < oo such that for every pair (n,r) G N 2 such that r™+[ is all 0s or all Is, we have 

r < K + *(n). 

Now let x = tt(uj) G J be a Case point, i.e. x satisfies (iii). Define an automorphism 
$ : E N — > E N by the following procedure: 

• For each n G N, choose a permutation $ n of E such that $„(u; n ) = 0. 

• Let $(r) = ($„(T„)) n . 

Clearly, $ is an isometry of _E N , and so the map : J x — > J defined by 

$( y ) = 7r($(a; + y)) 

is bi-Lipschitz. Furthermore, <3> sends rational points of J x to left endpoints of J, whose 
denominator is the same up to a constant. 
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Observe now that a point y G J x is badly intrinsically approximable with respect to an 
approximation function if) if and only if both $(y) is badly terminally approximable with 
respect to q t— > qip{q) (the factor comes from a difference in notation between our paper 
and [8]). Thus, the Hausdorff measure of the badly intrinsically approximable points agrees 
up to a constant with the Hausdorff measure of the badly terminally approximable points. 
Applying Theorem 3.8 completes the proof. □ 

4. The intrinsic denominator 

In this section we assume that J is a limit set of a rational IFS satisfying the open set 
condition. 

Suppose that p/q G Q H J is the image of the eventually periodic word u G E N . Fix 
n G N so that a n (u) is periodic, and let to be a period of a n (u), so that 

LU — LUi . . . to n u n+ i . . . U n+m UJ n+ i .... 

Based on oj, n, and to, we can define pu\, qu\, ru\, % — 1, 2 as in the proof of Theorem 2.1 
and we define the intrinsic denominator of p/q G J with respect to the triple (u,n,m) to 
be the denominator of (2.3); i.e. the intrinsic denominator is the number 

9(i) (9(2) ~V(2))- 

Observation 4.1. If u is fixed, then the intrinsic denominator is minimized when n and 
to are minimal. Furthermore, this intrinsic denominator divides the intrinsic denominator 
of p/q with respect to any other pair (n, m). 

Thus, we define the intrinsic denominator of p/q with respect to u> to be the intrinsic 
denominator with respect to (u>, n, to), with n and to minimal. The intrinsic denominator of 
p/q with respect to u represents "everything that the symbolic representation p/q = 
can tell us about the denominator of p/q" . 

In general, a fixed rational number could have more than one eventually periodic symbolic 
representation, or it could have none at all. However, we do not know of any examples of 
rationals with symbolic representations which are not eventually periodic. Furthermore, in 
most of the cases that we care about, this is impossible: 

Lemma 4.2. Suppose that p a = ±1 for all a G E, where p a are given by (1.1). Then every 
rational in J is the image of an eventually periodic word ( and therefore has an intrinsic 
denominator) . 

Remark 4.3. In the case where J is xci-invariant, then this lemma is well-known (it asserts 
that every rational has an eventually periodic d-ary representation). However, the lemma 
does not appear to be well-known e.g. for the IFS "1/3, 1/4" 

Uq(x) = x/3 

Ul (x) = x/4 + 3/4. 

Proof of Lemma 4-2. For each a G E, since p a = ±1 we can write 

In particular, if x is rational then the denominator of divides the denominator of x. 

Thus if u G E N is a preimage of x under 7r, then the forward orbit (a n (uj)) n lies in the set 
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7r 1 {p/q : q divides the denominator of x}, which is finite by the open set condition. Thus 
u is eventually periodic. □ 

For the remainder of this section, we will restrict ourselves to the case where p a — ±1 
for all a G E, so that every rational in J has at least one intrinsic denominator. We will 
also impose the following condition which guarantees that no rational can have more than 
one intrinsic denominator: 

Definition 4.4. The IFS {u a ) a satisfies the strong separation condition if there exists a 
closed interval [c, d] such that the collection (u a ([c,d])) a is a disjoint collection of subsets 
of [c, d] . 

For example, the IFS for the ternary Cantor set satisfies the strong separation condition. 
Note that the strong separation condition implies the open set condition, since we can take 
our open set to be (c, d). 

From now on, we will assume that our IFS satisfies the strong separation condition. Since 
this condition implies that every element of J has exactly one symbolic representation, it 
follows that every rational in J has exactly one intrinsic denominator. 

Notation 4.5. The intrinsic denominator of p/q G J will be denoted q- mt , whereas the 
denominator of p/q in reduced form will be denoted q re d- 

Observation 4.6. We have g re d 1 <2mt- 

Definition 4.7. Let ip : (0, oo) —> (0, oo) be a nonincreasing function. A point x G J is 
said to be badly symbolically approximable with respect to ip if there exists e > such that 
for all p/q G Q D J we have 

q-mt 

Otherwise, x is said to be symbolically well approximable with respect to vp. 

So, badly intrinsically approximable implies badly symbolically approximable, but not 
vice- versa. 

Notation 4.8. If uj G E r is a finite word, we define the pseudolength of uj to be the number 

r 

£,(<*>) :=Y,HQ<*)- 
i=i 

In the case where the set J is x d-invariant for some d, the pseudolength of u is just equal 
to ln(d) times the length of uj. 

Lemma 4.9. Suppose that 

i) ip is slowly varying i.e. ij)(Kq) x ip(q) for all K > 
ii) ip is bounded 

Then for all x = ir(u>) G J, x is badly symbolically approximable with respect to ip if and 
only if there exists K < oo such that for every finite word r\ of length r which occurs twice 
(possibly overlapping) in the initial segment uj[, we have 

(4.i) e p ( v )<K + *(e p (uj e r)), 
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where 

¥(f) :=-ln(^(e')). 

Note that if ip(q) = \n(q)~ s / 5 then = sln(t)/<J. 

Proof. Suppose that x G J is symbolically well approximable with respect to ip. Then 
for all e > there exist infinitely many rational approximations p/q G Q H J satisfying 
| a; — < £ip(<lmt)/qmt- Fi x such a p/g, and let r G -E N be its preimage. Let n, m G N be 
minimal such that 

T = 7"i . . . T n+m T n+ i . . . 

According to (2.3), the intrinsic denominator of p/q is equal to 

(n \ / m \ n+m 

n> n>«+< ± 1 ) x n ^- 
i=i / \i=i j i=i 

On the other hand, if £ is the largest integer for which ue = r e , then 

i 



\x-p/q\ xTT — 

Here we have used the strong separation condition to get the lower bound. Thus we have 




Here we have used the slowly varying condition (i). 

Since ip is bounded, by choosing e small enough we can force rL^V^vJ < YYi^-T / In) , 
which implies I > n + m. Thus we have 

(4.2) r — Ui . . . u n+m u n+ i . . . u n+m u n+ i . . . 

and in particular 



l 1 / n+rr, 

n n 

=n+m+l HuJi \ i=l 



n+m 

5a 



and taking negative logarithms yields 

Wn +m+ i) > + -He) + W^i +m ))- 

Since w^™ = = r n+m+i = w n+m+n ^ follows that there are infinitely many words r] 
which are repeated in uj but do not satisfy (4.1). 

On the other hand, suppose that for all K < oo there exist infinitely many words i] which 
are repeated in u but do not satisfy (4.1). For each such 77, let r be the length of the 77, 
and let < n < n + m be the places where it occurs, so that r\ = oj^Xi = ^n+m+i- Let r be 
defined by (4.2), and let p/q = 7t(t). Then oj and r agree up to at least t := n+m+r places, 
and a reverse calculation yields that \x — p/q\ < e~ K ip(qi nt )/q iQt . Thus x is symbolically 
well approximable with respect to ip. □ 
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We now discuss the approximability of a yU-random number x G J. In the following 
discussion x will always denote a /z-random number, and u will denote its preimage under 
7i. We write for probability and $ for expected value, so that £?{x G S) = /J-(S) and 
^[f( x )} = I In particular, the sequence (a;*)* is a sequence of independent and 

identically distributed random variables, whose distribution is given by 

&>( Un = a) = q~ s = e - M ^ a \ 
Lemma 4.10. Fix n, m G N and £ > 0. Let 

E ntm ,£ ■= {i] G E* : there exists r such that rf^i = Vn+m+i and such that ^(C+i) > M- 
Then &>{ue £ n ,m A ) < e ~ M *- 

Remark 4.11. It is possible that r > m, so that and overlap. Thus a naive 

independence argument does not work. 

Proof of Lemma 4- 10. Without loss of generality suppose n — 0. For each 77 G E m+N let 

f e w ° 77 G £ , m ,£ 

I e M p(v+i ) otherwise 
Then for any 77 G E m , we have 0(77) = 1, and for any 77 G E m+N , we have 

^[0« +iV+1 )K +JV = r7]<0(r7). 

A simple induction therefore yields <f [0(w™ +Ar )] < 1. The result therefore follows from 
Markov's inequality. □ 

Theorem 4.12 (Khinchin for fractals). Suppose that (u a ) a and ip are such that the hy- 
potheses (i) - (ii) of Lemma 4-9 are satisfied. Also suppose that tp is nonincreasing. 

i) If the series 

\n(q)ip(q) s 



(4-3) E 



,=1 q 

converges, then for ^-almost every x G J, x is badly symbolically approximable with 
respect to ip. 
ii) If the series 

(A A) V MgMM! 

{ ' } ^gln(7%)) 

diverges, then for ^-almost every x G J, x is symbolically well approximable with respect 
to ip. 

In particular, if tp(q) = ki(q)~( 2 / s+£ \ then case (i) holds, and if vp(q) = ln(g)~ 2//<5 , then 
case (ii) holds. 
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Corollary 4.13. Let C be the ternary Cantor set and /i the Hausdorff measure in the 
Cantor's set dimension restricted to C . Then for fx- almost every x G J , x is badly sym- 
bolically approximable with respect to ip(q) = ln(g)~( 2 / <5+£ * ) and li- almost every x G J, x is 
symbolically well approximable with respect to ip(o) = ln(g)~ 2 / 5 . 
Proof of Theorem 4. 12. 

i) Fix K to be determined. For each n, m G N let £ n ^ m — K + ^f(n + m). By Lemma 4.10 
we have 



(4-5) 9» |J E n ^ m < e-^+^+™)) = e' SK $> - l)e 

\n,ra€N / n,m€N n>2 

If (4.3) converges, then the series 

00 

ne- s ^ 



5*(n) 



also converges. Thus for all e > there exists K < 00 such that the right hand side 
of (4.5) is at most e. In particular, the probability that u> G [j n meN E n>m ^ nm can be 
made arbitrarily small. By Lemma 4.9, this implies that if x is /z-random, then x is 
badly intrinsically approximable with respect to ifj. 
ii) Let a and (3 be the maximum and minimum pseudolengths of a single letter, respec- 
tively. 

Fix K < 00. Choose a random to G E^. Fix t G N. For each TV G N, we denote by 
s(7V) the smallest integer such that 

We note that for each N G N, the string lo^^' 1 lies in the set 
E lt := { V eE r : £ p ( V ) > £ t but £ v {^ 1 ) < £ t }. 
Consider the event 

A' ,1;,+;,,,^ 0'2I V ' V \ >.-/> 



£ t : For all A^, iV 2 distinct with 2 2t < N t < s(Ni) < 2 2t+2 we have ^ 



a (iV 2 )-l 

We note that if (4.1) holds, then E t must hold for all t G N, due to our choice of £ t . 
Furthermore, the event E t depends only on the string w 2 2t +2_ \ and therefore the events 
{E t ) t are independent. In what follows, we will prove an upper bound on &(E t ). 

We begin by dividing oo 2 2t + _1 into a sequence of subwords (u;^*' 1+1 1 )i in the fol- 
lowing manner: Let N t) o = 2 2t , and if N t) i has been chosen, then let N t ^+i = s(N t> i). 
The sequence (u;^ M+1 1 )i is independent and identically distributed with distribution 

P^* 1 - 1 = r j ) = e- se >W. 

Now for all rj G E^*, we have £ v (rj) < £ t + a. Thus £ v {iJ^lt < «(^t + «) for all i. 
Let 

« = 7^ 

£ t + a 
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Then £ p (u^ Nt L ) < 2 2t /3, and so N tiNt - 2 2t < 2 2t i.e. N t , Nt < 2 2m . It follows that 
the sequence (o;^'* +1 ~ 1 )^ 1 depends only on the string u 2 ^ 1-1 . 

Fix a string r of length 2 2t+1 . We will prove an upper bound on E t conditioned on 
the event w^t+i -1 = T i which will then yield the unconditional bound we desire. 

If r contains two identical substrings which are members of E £t , then the event 
w 2 2t+i = t contradicts E t , so that tr[E t \ u 22t+ i = r) = 0. 
Otherwise, for each % — 0, . . . , N t — 1, the probability of the event 
E t:i : oo^'' +1 is not equal to any substring of r 
is given by 

Pi&t 1 c^ 2 - 1 = r) = 1 - £ e-^W 

rieE £ t 
substring of r 

and is therefore bounded above by 

By independence, it follows that the probability that E tii holds for alii = 0, . . . , N t — 1 
is bounded above by 

6) (i_(2 2t + 1 -£ t - a )e-^+«)) iVt . 

On the other hand, if E t holds, it is evident that E tii holds for all i — 0, . . . , N t — 1. 
Thus the probability of E t given cu^+i -1 = r is bounded above by (4.6). Since this 
conclusion holds for all r e E 2 , it follows that the unconditional probability of E t is 
bounded above by (4.6). 

As noted above, if (4.1) holds for every repeat 77, then E t holds for all t. Since the 
sequence (E t ) t is independent, we have 

^ ( n e A < n ( x - ( 22m - £ * - ^e-*^^)^ 

< J] exp (-iV t (2 2m -i t - a)e- & ^) 
ten 

= exp ( - N t (2 2t+1 -£ t - a)e-W + ' 
V ten 



In particular, if the sum 

teN teN * 

diverges, then the probability that (4.1) holds for every repeat 77 is zero. Since the 
divergence of the sum will be shown to be independent of K, it follows that if the sum 
diverges, then //-almost every point x is intrinsically well approximable with respect 
to ip. 
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Write a < 2 2r ' 2 for some r G N. Then 

E—e~ Ut > -5(^+*(2 2t + 2r )) 
£ - Z^ K + ^( 2 2<+2r) 



> 1 Vf 22<+2 r -m+*(2 2t )) 

- 2 4r+2 Z^ m(2 2t ) 

t>r 1 v y 

> 1 1 V V 71 c S(K+*(n)) 

- 32 4r+2 Z^ Z^ K + V(n) 

t>r n =2 2t 



Le »+ij_ Le »j„ +1 



ra=0 
oo Le n+1 J-l 



g^(ln(g)) 



e 



> ln(g) e - w >(i n(g )) 

~~ Z^ Z^ nfl/flTifn^ 



n=0 g=[e n J 
= __M9)_ e -**(ln(5)) 

^ ?*(ln(g)) 
so if (4.4) diverges then (4.7) diverges as well. 



□ 



5. Optimality of the bound 

In this section, we will restrict ourselves to the case where J is the ternary Cantor set. 
We begin by recalling the following conjecture and proposition from [1]: 

Conjecture 5.1 ([1] Conjecture 3.3). If 

S n := {p/q G J : gcd(p, q) = 1, 3"" 1 < q < 3"} 

then for all S\ > we have 

#(S n ) e 0(2 n(1+ ^). 

Proposition ([1] Corollary 3.4). Conjecture 5.1 implies that /x(VWAj) = ; where 

VWAj := {x G J : Be > 3°°p/q G J \x - p/q\ < q- {1+e) }. 

As mentioned in the Introduction, we cannot prove Conjecture 5.1 at this time, but we 
will reduce it to a simpler conjecture which a heuristic argument suggests is true. 

Definition 5.2. Suppose that p/q is a rational number. The period of p/q is the period of 
the ternary expansion of p/q, and will be denoted P(p/q). 
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Theorem 5.3. For every K < oo, if 

S-W : = {p/q G J : gcd(p, g) = 1, 3 n_1 < q < T, and P{p/q) < K\n(q)} 
then for all e 1 > we have 

#(5f») G 0(2™( 1+£1 )). 

We postpone the proof of Theorem 5.3 to the end of this section and proceed to state 
the following immediate corollary: 

Corollary 5.4. The following conjecture implies Conjecture 5.1, and thus that ju(VWAj) = 
0: 



Conjecture 5.5. There exists K < oo such that 

#{S n \S^)£0{2 n{ - 1+ ^). 

We will offer a heuristic argument in support of Conjecture 5.5. This argument will in 
fact support the following much stronger conjecture: 

Conjecture 5.6. For all K > 2/ln(3/2), we have = S n for all n sufficiently large. 
In particular 

#(S B \SW)Go(l). 

Heuristic argument for Conjecture 5.6. It is easily verified that Conjecture 5.6 is equivalent 
to the inequality 

(5.1) hmsup^M< 2 



P, q r ln(g) - ln(3/2) 

p/qeJ 
q— >oo 

Our method is to estimate reality using a probabilistic model, and then show that (5.1) 
holds with probability one. 

We will not specify our model exactly but we will assume that it has the following 
property: 

For each p/q G Q, the digits of p/q are independent and identically dis- 
tributed until they start repeating. 

We do not assume any independence of the digits of p/q from the digits of any other 
rational, nor any estimate of the distribution of the periods. 

Based on this assumption, if p/q G [0, 1] is fixed then the probability that p/q G J given 
that P(p/q) = m is (2/3) m . It follows from standard probability theory that 

&{p/q G J and P{p/q) >m)< (2/3) m . 

Fix e > 0. We have 

&»(p/q e J and P(p/q) > (2 + e) log 3/2 (g)) < <T (2+e) . 



INTRINSIC APPROXIMATION FOR FRACTALS 21 

For each Q, the probability that there exist p, q with 

q>Q 
p/q E J 
P(p/q)>(2 + e)log 3/2 (q) 

is at most 

g-( 2 + £ ) = ^g-( 1 + £ )->0. 
p/g€[o,i] i>Q 

q>Q 

Thus with probability one, there exists Q such that for all p, q with q > Q and p/q e J, 
we have P{p/q) < log 3 / 2 (g)(2 + e). Rearranging yields (5.1). □ 

Remark 5.7. The weakest part of this heuristic argument is the fact that the randomness 
is not open to a statistical interpretation. We are not saying "If you pick a rational at 
random, this should happen" but rather "If you pick a random mathematical universe, 
then this should happen" (which of course makes no sense as a logical statement). In fact, 
the former statement would be insufficient to support Conjecture 5.6 (or even Conjecture 
5.5), since we need that the size of the set of exceptions in proportion to the set of all 
rationals in a given range tends to zero exponentially fast. 

Proof of Theorem 5.3. Let C 4 = Kln(3). We have 

dn 

S { n K) C |J {p/q E J : gcd(p, q) = l,q< 3™, and P(p/q) = m}. 

m=l 

For each q < 3 n , we have 

#{p = 0,...,q:p/qe.J}<C 5 2 n 
by the fractal pigeonhole principle. Thus 

dn 

#(Sf )) < C 5 2 n < 3™ : 3p gcd(p, q) = l, P(p/q) = m}. 

m=l 

Fix q G N, and suppose that there exists p with gcd(p, q) = 1 and P(p/q) = m. Write 
q = 3 r q where 3 does not divide q. Then gcd(p, q) — 1 and P(p, q) — m. Furthermore 
the ternary expansion of p/q is (immediately) periodic. A simple calculation shows that 
p/q = if (3 m — 1) for some i = 0, . . . , 3 m — 1. Since p/q is in reduced form, this implies that 
q divides 3 m — 1. To summarize: 

#{g < 3™ : 3p gcd(p, q) = l,P(p/q) = m} < #{(r, q) : < r < n, q divides 3 m - 1} 

= nr(3 m - 1), 

where r is the number-of-divisors function. 

The following result concerning the number-of-divisors function was proven by Ramanu- 
jan [10]: 

limsup ,!^!"Py,An = ln ( 2 )- 
iv^oo ln(iV)/lnln(AT) 
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Thus for every e > 0, we have 

t(N) < AT( ln ( 2 )+ £ )/ lnln ( iV ) 
for all N sufficiently large. In particular, if we fix e 2 > to be determined, then 

t(N) < N £2 

for all N sufficiently large. Let C 6:£2 be large enough so that 

r(N) < C 6i£2 7V £2 

for all N EN. 

Combining our several equations yields 

C*4n 

#{S { n ] ) < C 5 C 6y£2 n2 n ^(3 m - If 2 x n2 n T Ci£2 < 2" (1+£l) 

m=l 

if e 2 is chosen small enough so that 3 C4£2 < 2 £l . 



□ 
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